Abstract. Let g be a finite dimensional complex Lie algebra and let A be a finite dimensional complex, associative and commutative algebra with unit. We describe the structure of the derivation Lie algebra of the current Lie algebra gA = g ⊗ A, denoted by Der(gA). Furthermore, we obtain the Levi decomposition of Der(gA).
Introduction
The automorphism group of a Lie algebra g, denoted by Aut(g), has been extensively studied due to its important role in several branches of mathematics and physics in describing symmetries associated with systems (see for instance [2, 16, 23] ). In [6] , the automorphism groups of nilpotent Lie algebras are used to obtain the classification of such algebras in low dimensions over arbitrary fields. It is well known that the Lie algebra of the Lie group Aut(g) is the Lie algebra Der(g) (see for instance [17, Prop.
1.120]).
Let A be an complex, associative and commutative algebra with unit. The main purpose of this work is to study the derivation Lie algebra of a current Lie algebra g A := g ⊗ C A with the bracket
for X i ∈ g, a i ∈ A for i = 1, 2. In particular, if A k = C[t]/(t k+1 ) with k a positive integer, the current Lie algebra g k = g⊗A k is known as the truncated current Lie algebra. This class of Lie algebra has been studied in [22, 24] for semisimple Lie algebras; the authors have built a system of algebraically independent generators of the algebra of invariant polynomial functions on g k and an affine subspace of g k * , transverse to the regular orbits. Some homological aspects of the truncated current Lie algebras have also been considered in [8, 11, 14, 18] , while some applications to the theory of PDE's has been given in [5, 19] . These Lie algebras have also appeared in the literature associated with Hanlon's conjecture [10, 11, 12, 13] which assures that, for certain classes of complex Lie algebras, the homology of g k is related to the homology of g by mean of an isomorphism (1.1)
of graded vector spaces. For semisimple Lie algebras it was shown to be true in [8] , while for the Lie algebra of strictly upper triangular matrices was shown to be false in [18] . However, despite of the efforts made, the conjecture remains open for the other Lie algebras. It is well known that the Heisenberg Lie algebra plays an important role in mathematics and physics. In [14] the authors investigate the isomorphism (1.1) for the Heisenberg Lie algebra h 1 of dimension 3. They provide evidence that the conjecture will be true for this algebra by proving an special case involving finer gradings on the homology of this Lie algebra, but the conjecture still remains open for this and all other Heisenberg Lie algebras h m of dimension 2m + 1.
We are specially interested in the Hanlon's conjecture of the Heisenberg Lie algebra h m . Based on ideas that we have learned from [4] and from the first author of the aforementioned paper, we think that if the conjecture is true for h m,k then there is a structure of sp m (C)-module on the homology H * (h m,k ) and the structure of this module should be very transparent. In order to introduce, in a convenient way, the corresponding action, we must study the structure of the Lie algebra Der(g k ). Our study starts with a result due to Zusmanovich in [25] concerning to a vector space decomposition of Der(g A ) in direct sum of distinguished vector subspaces. We describe the behavior of the Lie bracket of Der(g A ) with respect to one of these vector spaces. Let A be an algebra and let g be a Lie algebra. Let us denote J by the Jacobson radical of A, Der(A) the set of derivations of A, r the radical of g, s a Levy factor of g and by z(g) the center of the Lie algebra g. The main result of this paper is the following: Theorem 1. Let A be a complex finite dimensional, associativite and commutative algebra with unit and let S be a semi-simple subalgebra of A given by the Wedderburn-Malcev Theorem. Let g be a complex finite dimensional Lie algebra such that the center z(g) is contained in [g, g] . If Der(A) is a solvable Lie algebra then the radical of the Lie algebra Der(g A ), r, is
and s ⊗ S correspond to a semisimple Lie subalgebra of Der(g A ).
This results enable us to describe the Levi decomposition of all the truncated current Heisenberg Lie algebras as is illustrated in the following example.
Example. Let h 1,1 := h 1 ⊗ C[t]/(t 2 ) be the truncated current Heisenberg Lie algebra of dimension 6, with basis and the Levi factor could be identified with sl 2 (C), or what is the same sp 1 (C), as we will see in section §4.
The paper is organized as follows. In section §2 we make a carefully analysis of the Lie bracket of the derivations Lie algebra Der(g A ), through the decomposition given by Zusmanovich in [25] , arriving to Proposition 2.4. In section §3 we will show several results concerning the behaviour of derivations algebra Der(A) defined over a finite dimensional, associative and commutative algebra A with unit reducing it to the study of derivations defined over finite dimensional local algebras. In this section we show the main result of the paper Theorem (3.6).
Finally, in §4 we obtain a faithful representation of the Lie algebra Der(h m,k ), with h m,k the current Heisenberg Lie algebra of dimension (2m + 1)(k + 1) for all positive integer k. This representation will enable us to identify the Levi decomposition of h m,k and to show that its Levi factor is isomorphic to sp m (C).
Lie algebra of derivations of a current Lie algebra
Let g be a complex Lie algebra and let A be an complex, associative and commutative algebra with unit. The tensor product g A := g ⊗ A has a Lie algebra structure if we endow it with the Lie bracket
for every X i ∈ g and and a i ∈ A. This Lie algebra is known as the current Lie algebra associate with g and A. In this section we will give a detailed description of the structure of Der(g A ).
Remark 2.1. In order to fix some notation, if V, W are g-modules, we will write (i) Hom C (V, W ) the vector space of all C-linear maps T : V → W , with standard g-module structure defined by
for x ∈ g and v ∈ V . In particular, if V = W then we write End C (V ) instead of Hom C (V, V ). (ii) Hom g (V, W ) will denote the vector space of g-linear maps, that is, the space of C-linear maps T :
If we consider g acting on itself by means of the adjoint action, the g-invariants of End C (g) is the set
wich is also called the centroid of g (see for instance [15] ).
Remark 2.2. Let A be an algebra with unit, it is easy to see that A can be identified, as an algebra, with the vector space
endowed with composition of maps as its product.
The following lemma can be found in [25, Theorem 2.1] and it gives a convenient decomposition, as vector space, of Der(g A ).
Lemma 2.3. Let A be a finite dimensional complex, associative and commutative algebra with unit and let g be a finite dimensional complex Lie algebra. Then Der(g A ) as a vector space is isomorphic to
The following proposition shows the behavior of the Lie bracket in Der(g A ) with respect to the decomposition (2.1).
Proposition 2.4. Let A and g be as in Lemma 2.1. Let h, W and k
Moreover, the Lie bracket in Der(g A ) is governed by the rules indicated in Table (1) .
Proof. We first compute the brackets of the decomposition (2.1).
for every x ∈ g and b ∈ A. It follows that h is a Lie subalgebra of Der(g A ). Table 1 . Brackets of (2.1).
for every x ∈ g and b ∈ A.
Since A is an commutative algebra, we have aρ ∈ Der(A) and by straightforward calculation we obtain [D, T ] ∈ Hom g (g, g) and T • D ∈ Der(g). Then, from (2.2), it follows that
are elements of k. The proof is now complete.
3. The Levi Decomposition of the Lie algebra of derivations of a current Lie algebra
Since we are interested in current Lie algebras that has been built from finite dimensional commutative algebras, then it is important to know their structure with the aim to get some information about their derivation algebra Der(A). 
Proof. The proof of the lemma follows directly from the decomposition of A and the Leibniz rule for derivations. Remark 3.3. By Proposition 3.1 and Lemma 3.2 the study of Der(A) boils down to the study of Der(A i ), where A i is a local algebra.
Proposition 3.4. Let A be a finite dimensional, associative and commutative local algebra with unit over a field K of characteristic zero. Let m be a maximal ideal of A then D(A) ⊆ m for all D ∈ Der(A).
Proof. Let D ∈ Der(A), we first prove that
Since A is a finite dimensional, associative and commutative local algebra with unit and m its maximal ideal, we obtain m is the nil-radical of A. Hence every elements of m is nilpotent and every element of A is unit or nilpotent [1, page 89].
It follows that for every x ∈ m there exists n ∈ N such that Proof. It follows from Proposition 3.1, Lemma 3.2 and Proposition 3.4.
The Wedderburn-Malcev Theorem [7, Thm. 72.19] , said that if A is a finite dimensional algebra over a field K with Jacobson radical J and such that the residue class algebra A/J is separable, then there exists a semisimple subalgebra S of A, such that A = S ⊕ J as a vector space.
On the other hand, the Levi-Malcev theorem [17, Thm. B.2] said that if g is a finite dimensional Lie algebra, then g can be decomposed as s ⊗ π r, where s is a semisimple Lie algebra and r = rad g denote the radical of the Lie algebra g. Applying this theorem to Der(g) we obtain Der(g) = s ⋉ r, a semidirect product of its solvable radical r by a semisimple subalgebra s (the Levi complement of r).
We are ready to state the main results of the paper. We can now formulate our main results of this section. Proof. Combining the Levi-Malcev Theorem and Wedderburn-Malcev Theorem we obtain
We first prove that r is an ideal of Der(g A ). Let D ∈ Der(A), from Corollary 3.5 and Table 1 , we obtain
Combining this with (3.3) and with the results in Table 1 , we have r is an ideal of Der(g A ).
We shall now prove that r is solvable ideal. We will denote by the derived series of I with
(n−1) ] and I (0) = I for n ∈ N . The following facts will lead us to the proof of the solvability of r.
(1) Since J is the Jacobson radical of A, there exists m ∈ N such that J m = 0, that is, Table 1 , we have
∈Homg(g,g)⊗Der(A) (1) .
By hypothesis z(g) ⊆ [g, g] and from Table 1 we can deduce that k is an abelian Lie subalgebra of Der(g A ). Hence k (1) = 0, thus
The hypothesis indicates us that Der(A) is a solvable Lie algebra, then there exists k ∈ N such that Der(A) (k) = 0. Therefore
(3) Since Der(A) is a solvable Lie algebra and from (3.4) we obtain
Thus, from Table 1 [
We conclude from Table 1 ,(3.5), (3.6) and (3.7) that r is a solvable ideal. We conclude that r is a solvable ideal.
Before we check that r is maximal, we will prove that s ⊗ S is semisimple. In fact, since S is a semisimple algebra over C and A is a complex finite dimensional, associative and commutative algebra, then from the ArtinWedderburn Theorem we get that there exits n ∈ N such that
Therefore s ⊗ S is isomorphic to direct sum of k copies of s and then it is a complex semisimple Lie algebra. It follows that (s ⊗ S) ∩ r = 0, therefore
with r a maximal solvable ideal and s ⊗ S a semisimple subalgebra. This completes the proof. 
In order to apply here all the results developed in the preceding sections we need the following facts: (1) A faithful representations of the derivations Lie algebra of the Heisenberg Lie algebra of dimension 2m + 1 in the basis B. Let
is expressed, in the canonical basis of M 2m+1,2m+1 ,
where A ∈ sp 2m (C), I 2m is the identity matrix of size 2m with complex entries, a ∈ C, x ∈ C 2n and 0 is the zero vector in C 2n . From here we can deduce that the Levi factor of Der(h 2m+1 ), is given by sp 2m (C) and its radical is the ideal of matrices of the form aI 2m 0 x t 2a .
(2) The regular representation of C[t]/(t k+1 ) is
is expressed, in terms of the canonical basis C, by
(3) Let us define an auxiliary linear map R :
whose representation in the canonical basis C is given by 
and 
becomes a representation of the simplectic Lie algebra sp 2n (C) and constitutes a Levi factor of Der(h m,k ). In fact, the D's block is equals to D ⊗ I k+1 with D ∈ sp 2n (C).
Proof. From (1), the Levi factor s of Der(h 2m+1 ) consists of the matrices of the form such that X 4 = −X t 1 , X 2 = X t 2 and X 3 = X t 3 . On the other hand, the matrices in the radical r of Der(h 2m+1 ) are matrices of the form From Theorem 3.6 and using the Kronecker tensor product and the matrix shapes obtain above leads to the desired conclusion. Example. Let h 1,1 := h 1 ⊗ C[t]/(t 2 ) be the current truncated Heisenberg Lie algebra of dimension 6 with a basis B 1,1 = {e ⊗ 1, e ⊗ t, f ⊗ 1, f ⊗ t, z ⊗ 1, z ⊗ t} . for all D ∈ Der(h 1,1 ).
